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Abstract 

We explore two saddle point inflationary scenarios in the context of higher order corrections re¬ 
lated to different generalisations of general relativity. Firstly, we deal with Jordan frame Starobin- 
sky potential, for which we identify a portion of a parameter space of inflection point inflation, 
which can accommodate all the experimental results. Secondly, we analyse Higgs inflation and 
more specifically the influence of non-renormalisible terms on the standard quartic potential. All 
results were verihed with the PLANCK 2015 data. 
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I. INTRODUCTION 

Cosmic inflation HHa is a theory of the early nniverse which predicts cosmic acceleration 
and generation of seeds of the large scale strnctnre of the present nniverse. It solves problems 
of classical cosmology and it is consistent with current experimental data [1] . It is instructive 
to study minimal models of inflation which have the form of small modiflcations of the 
canonical models describing features of the visible Universe. Two most prominent examples 
of such models are, at the moment, f{R) theories of gravity models of Higgs inflation. 

The hrst theory of inflation was the Starobinsky model 016], which is an f{R) theory 
[7] with R + R?/QM'^ Lagrangian density. In such a model the acceleration of space-time 
is generated by the gravitational interaction itself, without a need to introduce any new 
particles or fields. The embedding of Starobinsky inflation in no-scale SUGRA has been 
discussed in Ref. [S]. The Starobinsky inflation can be described as a special case of the 
Brans-Dicke theory [9] and its predictions are consistent with the so-called Higgs inflation 
pJlj . in which inflation is generated by the scalar held non-minimally coupled to gravity. 
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Recently the whole class of generalisations of the Starobinsky and Higgs inflation have 
been discussed in the literature mHiH], also in the context of the higher order terms in 
Starobinsky Jordan frame potential [TUIET] . 

On the other hand, Higgs inflation allows one to generate inflation close to the Higgs 
sector. The price is the non-minimal coupling to gravity and often additional interactions 
which allow one to reproduce all features of realistic inflationary scenarios. In particular, 
corrections to the model can often be represented by higher order scalar operators. This 
reminds one of the situation known from f{R) theories, where higher order corrections to 
the f(R) function seem to be unavoidable. Usually one assumes that there is a part of the 
Starobinsky/Higgs inflationary potential where higher order terms are subdominant, which 
creates an inflationary plateau long enough to support successful inflation. Nevertheless 
one can hnd a part of parameter space where higher order corrections give signihcant 
contribution to the potential for relatively small values of held, which makes the plateau 
region too short to generate cosmic inhation with at least 60 e-foldings. In this case a 
saddle point inhation generated by the higher order terms may be the only chance to obtain 
a successful inhationary model, which is the issue we investigate in this paper. 

In [21] we proved that the Starobinsky potential with higher order corrections (i.e. 
higher powers of the Jordan frame Starobisnky potential) can have a saddle point for some 
(j) on the plateau. This requires a certain relation between parameters of the model and 
leads to the existence of the Starobinsky plateau, a step slope of exponential potential and 
a saddle point in between. In this paper we perform the detailed analysis of such a model in 
the context of low-scale inhation and generation of primordial inhomogeneities, especially 
in the context of very big values of higher order terms. We apply the same approach to the 
Higgs inhation. In this case the motivation is even more natural: higher order corrections 
to the scalar potential (such as or -0®, where "0 is a scalar held, but not necessarily the 
Higgs held itself) are considered to be suppressed by the Planck scale. Consequently for 
sufficiently high values of held ip one has to take into account the inhuence of higher order 
terms. In particular higher order terms coefficients could be hne-tuned to create a saddle 
point (or dehation point) in the Einstein frame scalar potential. In Ref [22] we have also 
investigated the saddle-point inhation in f{R) theory generated by higher order corrections 
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to the Starobinsky model. Note that in this paper we investigate the issue of higher order 
corrections to Jordan frame scalar potentials, not to the f{R) function itself. 

In what follows we use the convention SttG = M~‘^ = 1, where Mp = 2.435 x is 

the reduced Planck mass. 


The outline of the paper is as follows. In Sec. [IT] we introduce the form of the potential 


in modihed Strobinsky case and we analyse its features. In Sec. |III| we analyse the saddle 

we 


point inflation in this model and the evolution of primordial inhomogeneities. In Sec IV 


investigate the saddle point within the Higgs inflation scenario. Finally, we conclude in Sec. 

El 


II. STAROBINSKY-LIKE POTENTIAL WITH A SADDLE POINT 


A. Jordan frame analysis 


Let us consider a Brans-Dicke theory in the flat FRW space-time with the metric tensor 
of the form = —dR -|- a{ty‘{dxy‘. Any f{R) theory can be expressed in terms of the 
auxiliary held (p := F[R) := f'{R) with the Jordan frame scalar potential U = \{RF — /). 
The Jordan frame action is of the form 


S = j d'^x^M {ipR - U{ip)) + 5^ 


(II.l) 


where Sm is the action of matter helds. In the context of inhation one can assume that the 
energy density of the universe is fully dominated by the inhaton, which gives Sm = 0. Then, 
for the homogeneous held p the held’s equation of motion and the hrst Friedmann equation 
become 


(p -\- 3F[(p J- —[pUip — 2U) 

o 
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0 , 

4 p ’ 


(11.2) 

(11.3) 


where := Let us note that for p = 1 one recovers general relativity (GR). Thus the 
p = 1 will be denoted as the GR vacuum. 
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The Starobinsky inflation is a theory of cosmic inflation based on the f{R) = R+B? 
action, which can be generalized into Brans-Dicke theory with general value of cJbd- The 
Jordan frame potential of the Starobinsky model takes the following form 

Us = (v - 1)" . (II.4) 

where M is a mass parameter, and its value comes from the normalisation of the primordial 
inhomogeneities. For a; = 0 one finds M ~ 1.5 x 10“^. The Starobinsky potential is 
presented in Fig. [T] In this paper we consider the extension of this model motivated by Ref. 
[H] and partially analysed in Ref. w, namely 

U = Us{l- XiUs + X2UI) , (II.5) 

where Ai, A 2 are numerical coefficients. In order to avoid U —?• —00 for (p —)■ 00 we assume 
that A 2 > 0. We want to keep Xi terms as higher order corrections (i.e. we want to remain 
in perturbative regime of the theory), thus we require AiM^ 1 and X 2 M^ AiM^. As 
we will show the assumed range of parameters will satisfy these conditions. 


B. Einstein frame analysis 


The gravitational part of the action may obtain its canonical (minimally coupled to ip) 
form after transformation to the Einstein frame. Let us assume that (p > 0. Then for the 
Einstein frame metric tensor 




dt = ^/Ipdt , a = y/ipa 


( 11 . 6 ) 


one obtains the action of the form of 


S[gu,u, 0 ] 




R(0) 


(11.7) 


where V is the derivative with respect to the Einstein frame coordinates, 0 = ^J?>/2\og ip, 
R(0) = U/ip'^ Sit ip = </9(0) and R is the Ricci scalar of The GR vacuum appears for 
0 = 0. Let us define the Einstein frame Hubble parameter as 

^. d' , da , 

Tf := —, where a := ^. (11-8) 

a dt 
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Then for pM = Pm 
following 


where V^ = 


0 the hrst Friedmann equation and the equation of motion of 0 are 
3-H2 = ^ ^ 3 ^^/ + 14 = 0 , (11.9) 


C. Saddle point of the Einstein frame potential 


In Ref. [21] we showed that the Einstein frame potential of the model from Eq. (II.5) 
has a saddle point at 0 = 0 s for Ai = As, where 


V3AiM2 


Ai = As ~ 


21 / 532/5 


14 ~ -M" 


15 


- (24M"A2) 


1/5 


(II.IO) 

where I 4 = l^( 0 s)- Let us note that for 0 ~ 0s one obtains a saddle point inflation, which 
in principle could signihcantly decrease the scale of inflation. For Ai < As the Ai term is 
always subdominant as compared to the other terms of R( 0 ) and it can be neglected in 
the analysis. Therefore, the potential has no stationary points besides the minimum at 
0 = 0. On the other hand, for Ai > As one obtains a potential with a local maximum at the 
plateau, step slope for big 0 and a minimum in between. This case was analysed in m 


The Eq. |II.10| gives approximate value of As and (j)s, but it predicts all derivatives of V for 
(f) = (ps and Ai = As to be of order of This is not consistent with the saddle-like 


point condition l/'(0s), R"(0s) R'"(0s) and therefore Eq. II.IO is not accurate enough to 

calculate power spectra of primordial inhomogeneities. 


The analysis presented in this subsection is done under several assumptions and ap¬ 
proximations and therefore its accuracy is limited by them. For instance one hnds 
I0i(0s) ~ and ~ We have assumed that Ai 3> M^A 2 and 

we have obtained Ai Thus, the assumption is satished for (A 2 AT‘)^/^ C 1, 

which is also the condition for V^^{(f)s) ^ 1- One can see that the approximation used in 
this subsection is far more accurate for the 1/0 = 0 condition than for the = 0 condition. 
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— f3 = 1.2 

— f3=1.1 

- f3 = =3 

— f3 = 0.9 

— f3 = 0.8 

- f3 = 0.7 


FIG. 1: Left panel: V{4>) for Starobinsky inflation and for saddle point inflation (dashed purple line 
and green lines respectively). Black points represent cf) = fg for Ai = 10^, where k G {—5, —4,..., 2} 
(smallest fg for biggest Xi). Right panel: I4('I') with saddle point for Ag = 1, As oc —A^/^, 
A^“^ ~ 2 X 10 ® and A ~ {0.15,0.4,1} (dotted blue, dashed orange and solid red lines respectively). 
Dotted black line represents 14(4') for Ag = Ag = 0. The saddle point inflation in this scenario will 


be analysed in Sec. IV 


III. INFLATIONARY DYNAMICS AND PRIMORDIAL INHOMOGENEITIES 


A. Inflation with and beyond the slow-roll approximation 


In this section we will discuss the slow-roll approximation and inflation in the Einstein 
frame. We want to investigate how non-zero values of A parameters deviate the inflation 
from the Starobinsky model. Let us assume that 0" V^. Then one obtains 

+ 14 ~ 0 , . (III. 1) 


This approximation holds for non-zero values of V^j,, so one cannot use Eq. (III.l) at 0 = 0^. 
Thus we will use the slow-roll equations for cj) (fg. The cosmic inflation takes place as long 
as following slow-roll parameters are much smaller than one 

2 


1 

^ ■“ 2 


V 


T] := 


V 


(III.2) 


The number of e-folds generated during the inflation is in the slow-roll approximation equal 
to 


N 




V 


d(j ), 


(III.3) 
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where indexes i and / refer to initial and final moments of inflation respectively. Namely, 
ti is the hrst moment when both slow-roll parameters are smaller than one and t/ is the 
moment when any of slow-roll parameters become bigger than one. In Fig. 6 of Ref. |2T] we 
showed that dnring the saddle-point inflation it is straightforward to generate the nnmber 
of e-folds signihcantly bigger than 60, even if the platean is not present at all. 


The power spectra of the snperhorizon primordial curvature perturbations and gravita¬ 
tional waves in the Einstein frame are following 


fnV fn 


(v27rj i(^'j ~ 247r2e’ (27r 


(III.4) 


The Vtz needs to be normalized at the horizon crossing of scales observed in the CMB. 
Usually one chooses the normalization moment to be at iV* ~ 50 — 60 (where the -k 
denotes the value of the quantity at the horizon crossing), but in general the scale of 
normalisation strongly depends on the scale of inflation and reheating. In this paper we set 
/c* = 0.002Mpc“^, where k is the Fourier mode of perturbation, and Ah(Ai = A 2 = 0) = 55. 
The value of decreases for big A 2 , since for lower scale of inflation the comoving Hubble 
radius will grow less during the post-inflationary era. This procedure sets ~ 5 x 10“®. 


We have several parameters in the model, namely 0*, 0^, M, Ai and A 2 , however since 
we require the existence of the saddle point, one hnds A 2 = A 2 (Ai,M) and (pg = 0 s(Ai,M). 
From its dehnition 0* depends on M, Ai and A 2 . The normalization is a constraint which 
we use to calculate required M, thus decreasing the amount of free parameters to just Ai. 
We will use Ai to parametrise the deviation from the Starobinsky inflation. 


Two parameters of power spectra, which connect theory with the experiment are the 
tensor to scalar ratio r and the scalar spectral index Ug dehned by 

r = ~ 16e , Us = 1 -I— ~ 1 — 6 e -|- 27], (III.5) 

Vtz d log k 

where k is the Fourier mode. In the saddle point inflation one expects e p, so r* 1 and 
Hgi, ~ 1 -|- 2 p*. Since > 1 is excluded by the experimental data |1] one needs 77 < 0 at the 
moment of freeze-out. Thus, one requires 0* < (pg. The total amount of e-folds produced 
for (p < (pg strongly depends on the length of the Starobinsky plateau and therefore on Ai. 




If the plateau for 0 < 0^ is long enough to generate at least 60 e-folds of inflation then the 
Vn does not signihcantly deviate from the Starobinsky one. On the other hand for Ai 3> 1 
one may decrease the length of the plateau in order to generate e-folds only via the saddle 
point inflation. As we will show, this may be the way to decrease M and therefore to obtain 
the low-scale inflation. 

In Fig. I^we present M, 0* and 0^ as a function of Ai. One can see that for Ai > 10^ 
the M decreases logarithmically with Ai to reach M 10 ® at Ai ~ 10®. For Ai > 10® the 
normalisation of inhomogeneities happens very close to 0^. Nevertheless, for all considered 
values of Ai we obtained 0* < 0^. In Fig. [^we present r and Ug for 0 = 0*. For 10,(0s) = 0 
(i.e. for a perfect saddle) and for 0^ ~ 0* one hnds Ug < 0.96 and the model becomes 
inconsistent with the PLANCK data. The perfect saddle may still £t the data for Ai ;< 10®, 
however then inflation simply occurs on the plateau far from the saddle and the whole 
modification is simply irrelevant. Thus let us consider the case of = 0, 7 ^ 0 to 

check if the inflection point inflation gives the correct values of Ug. The value of the held at 
the inhection will also be denoted as 0<j. The results of numerical analysis for saddle and 
inhection point inhation for different Ai and 10,(0s) are presented in Fig. [^and|^ For the 
inhection point inhation one hnds the maximal allowed Ai for which the number of e-folds 
generated for 0 < 0 s is equal to A^*, which is the number of e-folds at the horizon crossing 
for the normalisation scale fc*. 

The key result is that inhection point inhation satishes experimental constraints even 
for large values of A^. This means that it remains a valid solution, and one is not limited 
to very small modihcations of the potential which would simply mean going back to the 
Starobinsky model. This unfortunately is not true for the pure saddle case in which inhation 
has to occur on the plateau and the potential can only be modihed for very large held values. 


IV. SADDLE POINT HIGGS INFLATION 

The saddle point inhation can be also obtained from higher order corrections to the so- 
called Higgs inhation. Let us dehne the action of a real scalar held (which in particular may 
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FIG. 2: Left Panel: M(Ai) for several values ofV\4>s)- As expected, lower V(f,{4>s) gives lower scale 
of inflation. Right panel: (/>* and <f>s (dashed and solid lines respectively). 



FIG. 3: Left panel: r(0*) as a function of Xi for several values ofV(i,{4>s)- All obtained values of r 
are consistent with the Planck data. For Ai > lO’^ one obtains r < 0.002, which gives A(j) < nip. 
Right panel: ns{4>i,) as a function o/Ai for several values ofV^{ifs)- One, two and three a regimes 
of the PLANCK 2015 best fit of Us lay between green lines (solid, dashed and dotted respectively). 
For Ai < 10^ one obtains correct value of Ug even for V,p{4>s) = 0. In such a case last 60 e-folds of 
inflation are strongly influenced by the Starobinsky plateau. 


be a Higgs field) with non-minimal coupling to gravity as 







+ s„ 


(IV. 1) 


where W{'ip) is the Jordan frame scalar potential, R is the Ricci scalar, U{'ip) is the function 
of non-minimal coupling to the gravity and Sm is the action of matter fields, like dust. 
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FIG. 4: The blue region represents the part of the (Ai, F^((?!)s)) parameter space which fits 2a 
constrains on Ug from the PLANCK 2015 data. Smaller V(f){(j)s) corresponds to the smaller scale 
of inflation. One could extrapolate the blue region for Ai > 10®, which would give M^Ai <C 1 
for Ai < 10^°. For Ai < 10® any V^{(fs) can fit the data, including the perfect saddle point case, 
however this corresponds to inflation on the plateau far from inflection point 

radiation, additional scalar fields etc. We assume that all fields in are minimally coupled 
to gravity. For t/ —)■ 1/2 one restores general relativity. In further parts of this section we 
will assume that 

UW = 1 + ifV-". (IV.2) 

where ^ > 0. Thus, the 0 limit gives the GR vacuum. In the hF oc model the 
slow-roll parameters are proportional to so inflation happens for 1^-0^ ^ 1. Let us 

assume that W (0) is of the form 

»■«') = n + where V„ = ^4-* , (IV.3) 

where Ae, As = const and Wh is a scalar potential which corresponds to the high energy 
approximation of the Mexican hat potential used e.g. to describe self-interaction of the 
Higgs field. Terms proportional to Ag and Ag are the higher order corrections to this 
potential The Aj constants are dimensionless. As we will show one need to require 
As > 0 in order to obtain positive energy density and stability of the potential at very high 

^ The issue of saddle point Higgs inflation without higher order corrections has been partially analysed in 

Ref ng. 
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energies. Nevertheless the sign of Ag remains undetermined. 


In order to obtain the canonical form of the action let us consider the transformation to 
the Einstein frame, namely 


- 2f/ 



a = V^a 
2 ’ 


dt = dt , 


(IV.4) 

(IV.5) 


where tb is the Einstein frame held and V is the Einstein frame potential. For ^'ifj ^ 1 
one hnds i/j ~ exp('^2/3\&), which is the result from the Brans-Dicke theory. The potential 
^(T) for several values of Ae and As parameters has been presented in Fig. Let us note 
that for Ag = As = 0 one restores the potential from Ref. [10]. Now the equations of motion 
take the form 


T" + sn^' + 14 = 0 , 


3-^2 _ ^ 


(IV.6) 


where 14 = ^ and T' = ^. The potential V has a minimum at T = 0, which corresponds 
to the GR limit of the theory. In the ^ 3> 1, S> 1 approximation one hnds following 
analytical relations, which determine the existence of the saddle point in the Einstein frame 


Afi — —Ac 


4^ 




Ae 

'3A 


+ 


s 2(-A6p5 


(IV7) 


For Ag > —As the potential has a minimum at T = 0 and hat plateaus, which ends with 
step, exponential slopes. The potential R('k) is always growing with |T| and one hnds no 
stationary points. For Ag = —A^ the only stationary points besides the minimum at T = 0 
are two saddle points at T = ±Ts. For Ag < — A^ the potential has additional minima and 
maxima at some T = ±Tmin and T = TTmax respectively. 


We start from 5 free parameters: A, Ag, As, ^ and We have 3 constraints: 14 = 0, 
14 .^ = 0 and ~ 5 x 10“^, which we use to determine As, ^ and In Fig. |^we show 
the A and Ag dependence of r, Ag and In Fig. [^we show weak Ag dependence 

of ^ in the allowed part of the parameter space. The A parameter is naturally limited by 
dvr. In order to preserve perturbativity of the theory let us assume that |Ag| and Ag should 
not be bigger than 0{1). It is crucial that even including all these constraints a signihcant 
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part of the parameter space remains valid. Even thongh inflation occnrs some distance away 
from the saddle > 1.26) and so some inflnence of the platean is inevitable, snch an 

extension remains a viable extension of the standard Higgs inflation scenario. 
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FIG. 5: Left upper panel: spectral index Ug = ns{X,XG). One, two and three a regimes of the 
PLANCK 2015 best fit of Ug are below green lines (solid, dashed and dotted respectively), which 
correspond to Ae = —3.5A^/^, Ag = —8.8A^/^ and Ag = 18A^/^ respectively. Right upper panel: 
tensor to scalar ratio r. All values of r presented in the plot are consistent with PLANCK results. 
Left lower panel: Ag as a function of X and Ag. In order to obtain perturbative theory one requires 
Ag < 10, which gives Ag < O.IA^/^. The allowed region lies under the red line. Right lower panel: 
'I's/'h*, which determinates how close to the saddle point one obtains freeze out of given scale /c*. 
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A 

FIG. 6: The non-minimal coupling parameter ^ with constrains on As and Ug- For A > 0.3 the Ae 
dependence is very weak and therefore one recovers A/^^ = const. Under the dashed green line (the 
PLANCK 2a regime of Ug) the Ag dependence is weak for all A considered in the plot. 

V. CONCLUSIONS 

In this paper we investigated the possibility of generating saddle point inflation from 
higher order corrections to theories of modified gravity, namely the Starobinsky model and 
Higgs inflation. It is crucial that even after including all constraints we discussed, a large 
portion of the parameter space in both models remains valid. Even though in modihed 
Higgs inflation scenario and Starobinsky model with a pure saddle, inflation has to occur 
some distance away from the saddle to achieve correct values of and so some influence 
of the plateau is inevitable. Inflection or saddle point inflation remain a viable extension of 
the standard Starobinsky model and Higgs inflation scenarios. 

The significant difference between the two is the number of free parameters which in the 
Higgs inflation case allows solutions with pure saddle to be consistent with all constraints. 
On the contrary, in modification of the Starobinsky model we had to resort to inflection 
point inflation rather than a pure saddle in order to achieve new valid results. Note that 
higher order corrections do not change the position of Einstein frame vacuum and therefore 
they do not change the consistency between GR and low energy predictions of discussed 
theories. 

In Sec. we introduced higher order corrections to the Jordan frame potential of the 
Starobinsky theory. We presented the analytical analysis of the existence of the saddle 
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point of the Einstein frame potential. 


In Sec. Ill we analyse features of primordial inhomogeneities generated during saddle 
point inflation. From the normalisation of perturbations and saddle (inflection) point 
conditions we obtained all parameters of the model (such as M, Ug, r and 0*) as functions 
of Ai. We found the region in the (Ai, V^(0s)) space which hts the 2a regime of PLANCK. 
We showed how r (and therefore the scale of inflation) can decrease for big Ai and we 
estimated the maximal allowed value of Ai to be of order of 10^°. The inflation can happen 
almost exactly at the inflection point and no Starobinsky plateau is needed to obtain correct 
shape of the power spectrum. For Ai < 10^ consistency with PLANCK can be obtained 
even for V0(0s) = 0. In such a case one obtains the Starobinsky plateau for 0 < 0^, which 
has signihcant influence on the generation of primordial inhomogeneities during the last 60 
e-folds of inflation. 


In Sec. IV we investigated the issue of higher order corrections to the A0"^ potential. We 
found conditions for the existence of a saddle point as well as constrains in the (A, Ae) plane, 
which come from perturbativity of the theory and consistency with PLANCK. The result 
is that the saddle point inflation is possible in such a model. However during the last 60 
e-folds of inflation, interesting part of the potential is also influenced by the A0'^ term, which 
generates Starobinsky-like plateau. This comes from the fact that in the allowed region of 
parameters Ts/T* > 1.26, which means that inflation has to proceed on the plateau some 
distance from the saddle, in order to satisfy experimental constraints. 
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